Abstract-This paper develops identification methods of linear continuous-time systems with symmetry. Such systems are important, because they include various examples such as electrical network systems, multi-agent network systems, and temperature dynamics in buildings. To this end, we formulate a novel prediction error problem of the corresponding discrete-time systems. More specifically, the problem is the minimization problem of the squared sum of the differences between the true and model outputs on the product manifold of the manifold of the symmetric positive definite matrices and two Euclidean spaces. We also formulate the minimization problem on the quotient manifold of the product manifold under a specified group action by the orthogonal group, in order to reduce the search dimension of the former problem. We propose Riemannian conjugate gradient (CG) methods for both problems. It is shown that the only difference between the methods is vector transports in the algorithms. The vector transport for the latter problem is the projection onto the horizontal space which is the subspace of a tangent space of the product manifold. The projection is obtained by using the skew-symmetric solution to a linear matrix equation. We prove that there exists a unique skew-symmetric solution to the equation under a mild assumption. Furthermore, we provide two proofs that a Riemanninan metric on the quotient manifold can be endowed by using the metric on the product manifold. We suggest that we choose initial points in the proposed methods by using the result of the modified ordinary Multivariable Output-Error State-sPace (MOESP) method. The initial point is considerably better than randomly choosing a point on the product manifold. We demonstrate that the CG method for the latter problem is the best among the other methods such as the ordinary MOESP method, N4SID method, the proposed modified MOESP method, the steepest descent method for both problems, and the CG method for the former problem.
I. INTRODUCTION
M ANY important systems such as electrical network systems [1] , multi-agent network systems [2] , [3] , and temperature dynamics in buildings [4] , [5] can be expressed as ẋ (t) = Fx(t) + Gû(t), y(t) = Cx(t),
Sym(n), G ∈ R n×m , and C ∈ R p×n are constant matrices to be identified. Because the matrix F is symmetric, we call system (1) a linear continuous-time system with symmetry. Although system (1) includes many important systems, system identification methods of system (1) have not been developed so far. More specifically, although there are many identification methods such as prediction error methods [6] - [9] and subspace identification methods [10] - [16] for discrete-time systems, and ones for continuous-time systems [17] - [22] , it is difficult to identify the matrix F to be symmetric from N +1 input-output data pairs {(u(0), y(0)), (u(h), y(h)), . . . , (u(N h), y(N h))} with the sampling interval h, where y(0), y(h), . . . , y(N h) are noisy data observed from the true system which is different from system (1). This is because no one has developed a system identification method of the corresponding discretetime system
wherex k :=x(kh),û k :=û(kh),ŷ k :=ŷ(kh), and
That is, the existing methods in [6] - [16] for identifying the triple (A, B, C) do not provide a symmetric positive definite matrix A. For this reason, we develop a method for identifying Θ := (A, B, C) ∈ M := Sym + (n) × R n×m × R p×n .
That is, we identify the matrix A to be symmetric positive definite. If this is achieved, we can also obtain the matrices F and G by
respectively. Here, the matrix F is symmetric and is uniquely determined, because the map exp : Sym(n) → Sym + (n) is bijective [23] . To this end, we consider the following problem.
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Problem 1: Suppose that input-output data {(u 0 , y 0 ), (u 1 , y 1 ), . . . , (u N , y N )} and the state dimension n are given. Then, solve minimize f (Θ) := ||e(Θ)|| 2 2 subject to Θ ∈ M.
Here, e(Θ) := (y 1 −ŷ 1 (Θ), y 2 −ŷ 2 (Θ), . . . , y N −ŷ N (Θ)), andŷ k (Θ) isŷ k obtained by equatingû k of (2) to u k . That is, we develop a novel prediction error method on the manifold M . Note thatŷ k (Θ) is different from y k , because y k is obtained by observing the output of the true system. That is, system (2) is not the true system but is a mathematical model of that. Furthermore, note that it is inadequate to consider a vector parameter θ obtained by regarding all the elements of the system matrices as
although [6] , [9] used such vector parameter θ, where vec denotes the usual vec-operator. This is because this parameterization does not reflect the symmetric positive definiteness of the matrix A. That is, it is difficult to develop an algorithm for solving an equivalent problem with Problem 1 using the vector parameter θ instead of the triple Θ of the matrix parameters. This means that we cannot apply the results of [6] , [9] for solving Problem 1.
We also consider another problem, because it is possible to reduce the dimension of the problem of minimizing ||e(Θ)|| 2 2 under the assumption that the initial statex 0 equals zero. This is because Θ and U • Θ := (U T AU, U T B, CU ) realize input-output equivalent systems for any U ∈ O(n), and U • Θ ∈ M , where • denotes a group action of O(n) on M . Thus, they attain the same value of the prediction error on the manifold M , i.e., ||e(Θ)|| 2 = ||e(U • Θ)|| 2 . This leads to the idea that we equate Θ with U • Θ to reduce the dimension of the problem of minimizing ||e(Θ)|| 2 2 . To this end, we endow M with an equivalence relation ∼, where Θ 1 ∼ Θ 2 if and only if there exists U ∈ O(n) such that Θ 2 = U • Θ 1 . Defining the equivalence class [Θ] by [Θ] := {Θ 1 ∈ M |Θ 1 ∼ Θ}, we can equate Θ with any Θ 1 that is equivalent to Θ, and thus Problem 1 is transformed into the following problem.
Problem 2: Suppose that input-output data {(u 0 , y 0 ), (u 1 , y 1 ), . . . , (u N , y N )} and the state dimension n are given. Then, solve
That is, we also develop a prediction error method on the quotient manifold M/O(n). Note that this development is different from that in [8] , which considered a group action of the general linear group GL(n) on a manifold instead of that of O(n). It is not adequate to use the action in [8] for our problem, because the action does not preserve the symmetric positive definiteness of the matrix A in general. For this reason, we consider the group action of O(n) on the manifold M .
The contributions of this paper are summarized as follows. 1) We propose Riemannian conjugate gradient (CG) methods for solving Problems 1 and 2. The method for Problem 1 is developed by introducing the Riemannian metric on M as
for
To develop the CG method for Problem 2, we provide two proofs that a Riemannian metric on M/O(n) can be endowed by
where
, andξ Θ andζ Θ are the horizontal lifts of ξ and ζ at Θ, respectively, and π : M → M/O(n) denotes the canonical projection. In the first proof, we use a property derived from a specific expression of the horizontal space in T Θ M with respect to metric (7) . In the second proof, we do not use the property. It is also shown that the only difference between the algorithms for Problems 1 and 2 is vector transports in the algorithms, and the vector transport for Problem 2 is the projection onto the horizontal space. The projection is obtained by using the skew-symmetric solution to a linear matrix equation. We prove that there exists a unique skew-symmetric solution to the equation under a mild assumption. 2) We propose a technique for choosing initial points of proposed algorithms for solving Problems 1 and 2 based on the ordinary Multivariable Output-Error State-sPace (MOESP) method [15] . More precisely, because the ordinary MOESP method cannot provide A ∈ Sym + (n) in general, we modify the method in such a way that the matrix A belongs to Sym + (n). Numerical experiments demonstrate that the proposed modified ordinary MOESP method provides a considerably better initial point in the algorithms for solving Problems 1 and 2 than randomly choosing one from the manifold M . 3) We demonstrate that the CG method for Problem 2 is the best among other methods. The other methods are the ordinary MOESP method, subspace state space system identification (N4SID) method [13] , the proposed modified MOESP method, the steepest descent (SD) method for Problems 1 and 2, and CG method for Problem 1. It is illustrated that our proposed optimization methods improve the result of the proposed modified ordinary MOESP method.
The remainder of this paper is organized as follows. In Section II, we discuss Riemannian geometries of Problems 1 and 2. In Section III, we propose optimization algorithms for solving Problems 1 and 2, and a technique for choosing an initial point in the algorithms. In Section IV, we numerically compare the ordinary MOESP method, N4SID, and our proposed methods. Finally, conclusions are presented in Section V.
Notation: The sets of real and complex numbers are denoted by R and C, respectively. The symbol √ −1 denotes the imaginary unit. The symbols Sym(n) and Skew(n) denote the sets of symmetric matrices and skew-symmetric matrices in R n×n , respectively. The manifold of symmetric positive definite matrices in R n×n is denoted by Sym + (n). The symbol O(n) denotes the orthogonal group in R n×n . The tangent space at p on a manifold M is denoted by T p M . The identity matrix of size n is denoted by I n . Given a vector v ∈ R n , ||v|| 2 denotes the Euclidean norm, i.e.,
Given a matrix A ∈ R n×n , ||A|| F denotes the Frobenius norm, i.e.,
where the superscript T denotes the transposition, λ(A) denotes the set of eigenvalues of A, tr(A) denotes the trace of A, i.e., the sum of the diagonal elements of A, and sk(A) denotes the skew-symmetric part of A, i.e., sk(A) =
Given a matrix A ∈ R n×m , A † denotes the pseudo-inverse of A. For any matrices A ∈ R n×m and B ∈ R p×q , A ⊗ B denotes the Kronecker product of A and B, i.e.,
Given a smooth real-valued function f on a finite dimensional Euclidean space E, the Fréchet derivative Df (x) : E → R of f at x ∈ E is defined as a linear operator such that
where Df (x)[ξ] is called the directional derivative of f at x in the direction ξ.
II. RIEMANNIAN GEOMETRIES OF PROBLEMS 1 AND 2
A. Riemannian geometry of Problem 1
In first-order optimization algorithms such as the steepest descent and conjugate gradient methods on the manifold M , we need the Riemannian gradient of the objective function f . To this end, we have to introduce a Riemannian metric into M . In this paper, we define Riemannian metric (7) on M .
Letf denote the extension of the objective function f to the ambient Euclidean space R n×n × R n×m × R p×n . Then, the Euclidean gradient off at Θ is given by
In [8] , we can find a detailed derivation for a more complicated system. Because we introduced Riemannian metric (7), we obtain the Riemannian gradient
For a detailed explanation, see [24] .
B. Riemannian geometry of Problem 2
In Section IV, we need a vector transport on the manifold M/O(n) to develop a Riemannian conjugate gradient method. To this end, we use the orthogonal projection P h Θ onto the horizontal space H Θ that is the orthogonal complement of the vertical space
in T Θ M with respect to metric (7) . As mentioned in Section I, the map π :
In order to derive P h Θ , we need to explicitly describe the vertical space V Θ and the horizontal space H Θ . First, we specify V Θ . Consider any curve Θ(t) on π
where U (t) denotes a curve on O(n) with U (0) = I n . Differentiating the both sides with respect to t, we obtain thaṫ
Thus, we have that
Next, we characterize the horizontal space
for all U ∈ Skew(n). This means that
Because U ∈ Skew(n) is arbitrary, we conclude that
That is,
Thus,
, we obtain that (A , B , C ) ∈ H Θ , because (14) holds. Hence, we have that
We are in a position to describe the orthogonal projection P h Θ onto the horizontal space H Θ . Theorem 1: The orthogonal projection P h Θ onto H Θ is given by
where η = (a, b, c) ∈ T Θ M , and X is the skew-symmetric solution to the linear matrix equation
where the linear matrix mappings
respectively, and β := 2sk(2A
Thus, η h can be described as
Because η h ∈ H Θ , we obtain that
It follows from this equation that (17) holds, because a T = a and X T = −X. 2 We can guarantee that there exists a unique solution X ∈ Skew(n) to (17) under the assumption
Assumption (18) holds if the matrix A has only simple eigenvalues, because then we have dim(Ker (λI n − A)) ≤ 1 for all λ ∈ R. Furthermore, if (A, C) is observable, i.e.,
for all λ ∈ C, then (18) holds. Analogously, the controllability of (A, B), i.e.,
Assume (18), and let
Proof : Using the Kronecker product and vec-operator, the operators L 0 and L 1 have the matrix representations
Both are symmetric, and K 1 is positive semidefinite [25] . Thus, L 1 ≥ 0. Note also that both summands of K 1 and thus of L 1 are positive semidefinite, whence
If λ j , λ k ∈ λ(A) with corresponding orthonormal eigenvec-
. From the n orthonormal eigenvectors v j , j = 1, 2, . . . , n, of the matrix A, we thus obtain n
as shown in [26] . Moreover, the kernel of L 0 is spanned by the matrices
The matrix A can be expressed as
where 
We thus obtain that
To see this, note that the right hand side is the linear subspace of Skew(n), spanned by
where λ j = λ k and e j is the j-th unit vector in R n . Thus, it follows from (19) and (20) 
. . , l, and thus
Because each S j ∈ Skew(n j ) necessarily has even rank, assumption (18) and (21) yield that rank S j = 0 for j = 1, 2, . . . , l, whence U = 0. This implies that
or equivalently Ker L ⊂ Sym(n). Eq. (22) implies that L : Skew(n) → Skew(n) is an automorphism. 2 In the following, we show that a Riemannian metric on M/O(n) can be endowed by (8) . To this end, we have to prove that for any
, we obtain that
Note thatξ Θ andζ Θ are the horizontal lifts of ξ and ζ at Θ, respectively. That is,ξ Θ andζ Θ are the unique elements of
To prove this, we first note that (15) leads us to the following lemma.
From Lemma 1, we obtain the following theorem. Theorem 3:
Proof : Let h : M/O(n) → R be any smooth function, and
Differentiating both sides of (25) in the directionξ Θ , we obtain that
Becauseξ Θ is the horizontal lift of ξ at Θ, we get
Furthermore, we have that
Thus, (26) implies that
Because
and h is any smooth function, (27) yields that
Because Lemma 1 implies
We provide another proof of Theorem 3 in Appendix A. It follows from (7) that for any U ∈ O(n)
From Theorem 3 and (29), for any
, we obtain (23) .
In numerical computation, we can use the horizontal lift grad g Θ of the gradient grad g([Θ]) at [Θ]. The horizontal lift grad g Θ belongs to the horizontal space H Θ , and we obtain that
as shown in [27] .
III. OPTIMIZATION ALGORITHMS FOR SOLVING PROBLEMS 1 AND 2
This section proposes optimization algorithms for solving Problems 1 and 2, and provides a technique for choosing initial points in the algorithms.
A. Optimization algorithms
Algorithm 1 describes a Riemannian conjugate gradient (CG) method for solving Problem 1. Here, the exponential map Exp on the manifold M is given by
and the parallel transport, i.e., a vector transport, P on M is given by
, as shown in [28] . We here note that G A in (10) can be rewritten as
Thus, we can recursively calculate G A as
, where
In fact, G A (N ) = G A . Similarly, G B in (11) can be calculated as
, where y 1 ) , . . . , (u N , y N )}, the state dimension n, and an initial point
Compute a step size t k > 0, and set
where g k := grad f (Θ k ), and || · || k and ·, · k denote the norm and the inner product in the tangent space T Θ k M , respectively.
6:
Set
7: end for
Here, we choose t k in step 4 as the Armijo step size [27] . The parameter β k+1 in step 5 is called the Dai-Yuan-type parameter [29] . A Riemannian CG method for solving Problem 2 is given by replacing the parallel transport P Θ k ,Θ k+1 in Steps 5 and 6 in Algorithm 1 with the orthogonal projection P h Θ k+1 onto the horizontal space H Θ k+1 . Note that Exp in step 4 in Algorithm 1 defines a retraction on the quotient manifold M/O(n). In fact, let
Thus, from Theorem 3 in this paper and Proposition 4.1.3 in [27] , Ret defined by (32) is a retraction on M/O(n). Moreover, the orthogonal projection P
is a vector transport, as shown in [27] .
A Riemannian SD method for solving Problems 1 and 2 is given by replacing steps 5 and 6 in Algorithm 1 with η k+1 = −grad (Θ k+1 ). That is, in contrast to the case of the CG methods, the SD method for Problem 2 is the same with that for Problem 1. This is because (30) holds.
B. Initial points in Algorithm 1
We propose a technique for choosing an initial point Θ 0 in Algorithm 1 using a modified version of the ordinary MOESP method [15] .
To describe the modified ordinary MOESP method, we first define the input and output block Hankel matrices as
respectively. Here, J satisfies N ≥ J +k−2, and the entries of U 0|k−1 and Y 0|k−1 are constructed from a part of input-output data {(u 0 , y 0 ), (u 1 , y 1 ), . . . , (u N , y N )}.
Using the block Hankel matrices U 0|k−1 and Y 0|k−1 , the modified ordinary MOESP method is described as follows: 1) Calculate the LQ factorization
Here, L 11 and L 22 are lower triangular matrices, and Q 1 and Q 2 satisfy Q
2) Compute the SVD of the matrix L 22 as follows:
where U 1 ∈ R kp×n and Σ 1 ∈ R n×n . 3) Define the extended observability matrix as
Determine the matrix C by
where O k (a 1 : a 2 , b 1 : b 2 ) is the matrix constructed from the row vectors between a 1 -th and a 2 -th row vectors of O k and the column vectors between b 1 -th and b 2 -th column vectors of O k . The matrix A is determined by solving the linear equation
where L i ∈ R (kp−n)×p and M i ∈ R (kp−n)×m (i = 1, 2, . . . , k), and let
The matrix B is determined by solving the linear equation
Approximate solutions of (37) and (38) are obtained by solving
. . .
respectively, where
F . The solution to (40) can be expressed as
Similarly, if A ∈ R n×n , then it follows from (39) that
However, we cannot adopt (42) as an initial point (A) 0 in Algorithm 1, because the matrix A given by (42) is not contained in Sym + (n) in general. For this reason, we consider the following problem.
Problem 3:
minimize h(A) subject to A ∈ Sym + (n).
To solve Problem 3, we introduce the Riemannian metric of Sym + (n) as
for ξ 1 , ξ 2 ∈ T A Sym + (n). Then, we obtain the Riemannian gradient of h as
In particular, if Q ∈ Sym + (n), we have A ∈ Sym + (n). Hence, we have the following corollary. Corollary 1: Suppose that rank(O 1 k ) = n and Q ∈ Sym + (n). Then, the unique solution A to Problem 3 is given by (45).
Unfortunately, if Q ∈ Sym + (n), Problem 3 may not have a solution. However, if rank(O 1 k ) = n, we have the symmetric matrix A given by (45) that is the unique solution to the following relaxed problem.
Problem 4:
minimize h(A) subject to A ∈ Sym(n).
Thus, we can construct the matrix A ∈ Sym + (n) using the unique solution to Problem 4, as shown in Algorithm 2.
Algorithm 2 Construction method of the matrix A ∈ Sym + (n). 
Note that Algorithm 2 means that if the solution A to (44) has non-positive eigenvalues, we replace the eigenvalues by > 0. If A * ∈ Sym + (n) is the matrix constructed by using Algorithm 2, then we have that
In summary, we can obtain an initial point (A 0 , B 0 , C 0 ) in Algorithm 1 using (36), (41), and the solution to Lyapunov equation (44) (and Algorithm 2 if necessary).
IV. NUMERICAL EXPERIMENTS
In this section, we demonstrate the effectiveness of the proposed method. To this end, we assume that the true system is given by Here, v(t) is a zero mean i.i.d. Gaussian process corresponding to measurement noise with variance σ 2 . That is, we assume that the true system is system (1) with measurement noise v(t). The initial state x(0) is a zero mean Gaussian random variable with variance 1, and the inputs u 1 (t) and u 2 (t) are zero mean Gaussian random variables with variance 100. Furthermore, we set the sampling interval as h = 0.1, and the parameter in Algorithm 2 as = 0.01.
Fig . 1 illustrates the results obtained by the SD and CG methods for Problems 1 and 2 with N = 1000 and σ 2 = 5. Here, we draw this figure from 10-th iteration. As mentioned in Section IV, the SD method for Problems 1 and 2 are numerically identical. Thus, we showed three graphs of the SD and CG methods for Problem 1, and the CG method for Problem 2. Among the three methods, the CG method for Problem 2 is the most efficient.
We next evaluated the results with respect to the eigenvalues of estimated matrix F , and the relative H 2 and H ∞ norms between the difference of transfer functions of the true continuous-time system and continuous-time systems obtained by the ordinary MOESP method [15] , N4SID method [13] , proposed modified ordinary MOESP method, and proposed optimization methods. To this end, we define G andĜ as the transfer functions from the input u to the output y of the true and obtained systems, respectively. That is,
where F , G, and C are estimated matrices of F * , G * , and C * , respectively. Here, we estimate the matrices F and G using (5) and (6), respectively. Using G andĜ, we compared the two indices
1) Ordinary MOESP method:
We evaluated the eigenvalues of the estimated matrix F , g 2 , and g ∞ using the ordinary MOESP method [15] . First, we estimated the matrices A, B, and C in (2) using (42), (41), and (36), respectively. Using (5) and (6), we constructed the matrices F , G, and C in (1) as 2) N4SID method: We evaluated the eigenvalues of the estimated matrix F , g 2 , and g ∞ using N4SID [13] . First, we estimated the matrices A, B, and C in (2) using the MATLAB command n4sid. Using (5) and (6), we constructed the matrices F , G, and C in (1) as Because the matrix F N 4 is unstable, g 2 and g ∞ are not defined.
3) Modified ordinary MOESP method: We evaluated the eigenvalues of the estimated matrix F , g 2 , and g ∞ using the modified ordinary MOESP method explained in Section III-B. First, we estimated the matrices A, B, and C in (2) using Algorithm 2, (41), and (36), respectively. Using (5) and (6), we constructed the matrices F , G, and C in (1) 
4) SD method for Problems 1 and 2:
We evaluated the eigenvalues of the estimated matrix F , g 2 , and g ∞ using the SD method. That is, we estimated the matrices A, B, and C in (2) using the algorithm obtained by replacing steps 5 and 6 in Algorithm 1 with η k+1 = −grad(Θ k+1 ). Next, using (5) and (6), we constructed the matrices F , G, and C in (1) as 
5) CG method for Problem 1:
We evaluated the eigenvalues of the estimated matrix F , g 2 , and g ∞ using the CG method for Problem 1. That is, we estimated the matrices A, B, and C in (2) using Algorithm 1. Next, using (5) and (6), we constructed the matrices F , G, and C in (1) as 
6) CG method for Problem 2:
We evaluated the eigenvalues of the estimated matrix F , g 2 , and g ∞ using the CG method for Problem 2. That is, we estimated the matrices A, B, and C in (2) using the algorithm obtained by replacing the parallel transport P Θ k ,Θ k+1 in Steps 5 and 6 in Algorithm 1 with the orthogonal projection P h Θ k+1 onto the horizontal space H Θ k+1 . Next, using (5) and (6), we constructed the matrices F , G, and C in (1) as We next evaluated the results with respect to the eigenvalues of estimated matrix F , and g 2 and g ∞ . 
1) Ordinary MOESP method:
We evaluated the eigenvalues of the estimated matrix F , g 2 , and g ∞ using the ordinary MOESP method [15] . First, we estimated the matrices A, B, and C in (2) using (42), (41), and (36), respectively. Using (5) and (6), we constructed the matrices F , G, and C in (1) 2) N4SID method: We evaluated the eigenvalues of the estimated matrix F , g 2 , and g ∞ using N4SID [13] . First, we estimated the matrices A, B, and C in (2) using the MATLAB command n4sid. Using (5) and (6), we constructed the matrices F , G, and C in (1) as Because the matrix F N 4 is unstable, g 2 and g ∞ are not defined.
3) Modified ordinary MOESP method:
We evaluated the eigenvalues of the estimated matrix F , g 2 , and g ∞ using the modified ordinary MOESP method explained in Section III-B. First, we estimated the matrices A, B, and C in (2) using Algorithm 2, (41), and (36), respectively. Using (5) and (6), we constructed the matrices F , G, and C in (1) as 
4) SD method for Problems 1 and 2:
5) CG method for Problem 1:
6) CG method for Problem 2:
We evaluated the eigenvalues of the estimated matrix F , g 2 , and g ∞ using the CG method for Problem 2. That is, we estimated the matrices A, B, and C in (2) using the algorithm obtained by replacing the parallel transport P Θ k ,Θ k+1 in Steps 5 and 6 in Algorithm 1 with the orthogonal projection P h Θ k+1 onto the horizontal space H Θ k+1 . Next, using (5) and (6), we constructed the matrices F , G, and C in (1) as 
C. Discussion
From the viewpoint of g 2 , g ∞ , and the largest eigenvalue of the matrix F , we conclude that the CG method for Problem 2 is the best among other methods. The following explains the reasons in detail.
In both cases where σ 2 = 5 and σ 2 = 10, we could find that the ordinary MOESP and N4SID methods are worse than others from the viewpoint of g 2 and g ∞ . In particular, the N4SID method provided unstable systems in both cases, although the true system is asymptotically stable. Moreover, the numerical experiments showed that the ordinary MOESP and N4SID methods may produce complex-valued matrices F and G. This is because the methods do not provide a symmetric matrix A. In contrast to the methods, together with (5) the proposed modified ordinary MOESP method, i.e., Algorithm 2, produces a real-valued symmetric matrix F . Moreover, Figs. 3 and 4 illustrate that the proposed method provides a considerably better initial point
All the proposed optimization methods improved the result of the proposed modified ordinary MOESP method. When σ 2 = 5, the CG method for Problem 2 was better than the SD method and CG method for Problem 1 from the viewpoint of g 2 and g ∞ . When σ 2 = 10, the CG method for Problem 1 was slightly better than the CG method for Problem 2 from the viewpoint of g 2 , although the CG method for Problem 2 was better than the CG method for Problem 1 from the viewpoint of g ∞ .
The transient statex(t) in (1) is dominated by the largest eigenvalue of the matrix F underû(t) = 0. That is, if the largest eigenvalues of the matrices F and F * are closer, then the trajectories ofx(t) of (1) and x(t) of (46) are more similar underû(t) = 0 and u(t) = 0. For σ 2 = 5 and σ 2 = 10, the only CG method for Problem 2 provided the matrix F with the largest eigenvalue that is close to that of F * .
V. CONCLUSION
We have developed an identification method of linear continuous-time systems with symmetry by formulating minimization problems on a product manifold and its quotient manifold by the orthogonal group, where the product manifold is composed of the manifold of the symmetric positive definite matrices and two Euclidean spaces. We have proposed Riemannian CG methods for both problems, and choosing initial points in the proposed methods by using the result of the modified ordinary MOESP method. According to the numerical experiments, the initial point was considerably better than randomly choosing one on the product manifold. We have demonstrated that the CG method for the problem on the quotient manifold is the best among other methods. In this appendix, we provide another proof of Theorem 3. Although we used a property derived from specific expression (15) in the first proof of Theorem 3, we here do not use the property. That is, we here prove Theorem 3 without deriving specific expressions of the vertical and horizontal spaces.
Let M be a Riemannian manifold with the Riemannian metric ·, · , and let G be a group that smoothly acts on M. Here, we call φ g : M → M a smooth group action if φ g is smooth and satisfies the following.
1) For any g 1 , g 2 ∈ G and any x ∈ M, φ g1g2 (x) = φ g1 (φ g2 (x)) holds.
2) For the identity element 1 G ∈ G and any x ∈ M, φ 1 G (x) = x holds. We write the derivative map of φ g at x ∈ M as Dφ g (x) : T x M → T φg(x) M. By definition, and thus ξ ∈ Dφ g (V x ). That is,
Considering the dimension of both sides, we obtain (48). 2 Lemma 2 implies the following theorem. Theorem 5: Suppose that the group action φ g is an isometry; i.e., for any g ∈ G and any ξ 1 , ξ 2 ∈ T x M,
Then,
Proof : Taking the orthogonal complement of both sides of (48), we have that
Because (49) holds, we obtain that
